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Abstract
The hidden Kerr/CFT proposal implies that the massless scalar wave equation in the near-
region and low-frequency limit respects a hidden SL(2,R)×SL(2,R) invariance in the Kerr
black hole spacetime. We may use this symmetry to determine quasinormal frequencies
(QNFs) of the massless scalar wave propagating around the Kerr black hole algebraically.
It is shown that QNFs obtained using the hidden conformal symmetry near the horizon
correspond approximately to not only those of scalar perturbation around the near-horizon
region of a nearly extremal Kerr (NEK) black hole, but also those of non-equatorial scalar
modes around the NEK black hole. This indicates that the hidden Kerr/CFT proposal
could determine quasinormal modes and frequencies of the massless scalar wave around the
NEK (rapidly rotating) black hole approximately.
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1 Introduction
It was known that the scalar wave equation in the near-region and low-frequency limit enjoys
a hidden conformal symmetry in the generic Kerr black hole which is not regarded as an
underlying symmetry of the Kerr spacetime itself [1, 2]. Such a hidden symmetry originates
from the observation that low-frequency scattering amplitudes of scalar from a black hole
are expressed in terms of hypergeometric functions [3, 4], which form representations of
the conformal group SL(2,R). Curiously, this might lead to the conjecture that the non-
extremal Kerr black hole with angular momentum J is dual to a conformal field theory
(CFT) with central charges [1]. It is also found that the low-frequency amplitudes of
scalar-Kerr scattering coincide with thermal correlators of a CFT on the boundary.
However, we note that this hidden Kerr/CFT proposal should be contrasted with the
usual geometric approach where Kerr/CFT correspondence may be applied for (nearly)
extremal Kerr black hole with infinite throat geometries containing AdS subspaces [5, 6].
For example, the near-horizon geometry of the extremal Kerr black hole (a = M) contains
AdS2, whose isometry is SL(2,R)R×U(1)L. In this sense, one has to use the terminology
of “hidden” for the generic Kerr black hole spacetime when taking account of the near-
region ωr ≪ 1 and low-frequency limit ωM ≪ 1. We would like to point out that the
Cardy formula matches the Bekenstein-Hawking entropy of the non-extremal Kerr black
hole only when using the central charges of cL = cR = 12J obtained from the Kerr/CFT
correspondence for the extremal Kerr black hole. This is a weak point of the hidden
Kerr/CFT proposal to obtain the generic Kerr black hole entropy, since it assumed that
the central charges behave smoothly and they do not change as we move away from the
extremal case [7].
On the other hand, Chen and Long [8] have proposed that one can use the hidden con-
formal symmetry to determine quasinormal modes (QNMs) algebraically as descendants of
a highest weight state in the black hole spacetime (see also the recent works [9, 10] to find
QNMs in different method). Using this idea, the authors [11] have argued that the scalar
wave equation in the near-region and low-energy limit enjoys a hidden SL(2,R) invariance
in the Schwarzschild spacetime. They have used the SL(2,R) symmetry to determine alge-
braically quasinormal frequencies (QNFs: ω = ωR− iωI) of scalar around the Schwarzschild
black hole, leading to purely imaginary QNFs (ω = −iωI) which may be suitable for de-
scribing large damping. Here we note that the sign of ωI is important because it determines
1
the stability of the black hole [12]. We wish to mention that the method developed for the
hidden Kerr/CFT correspondence could not be directly applied to derive QNFs of scalar
around the Schwarzschild black hole because there is no room to accommodate an AdS2
structure in the near-horizon geometry of Schwarzschild black hole [13]. Its near-horizon
geometry is the Rindler spacetime. Furthermore, it seems that no purely imaginary QNFs
were found from the scalar propagating around the Schwarzschild black hole [12, 14].
Recently, the authors [15] have developed a hidden SL(2,R) symmetry in the near-region
and low-energy limit of the Reissner-Nordstro¨m (RN) black hole. One may use the SL(2,R)
symmetry to determine QNFs of scalar around the generic RN black hole algebraically.
QNMs and purely imaginary QNFs were obtained by employing the operator method [16].
As is well known, QNMs are determined by solving a scalar wave equation around the RN
black hole as well as imposing the boundary conditions: ingoing waves at the horizon and
outgoing waves at infinity of asymptotically flat spacetime. A key point in deriving QNMs
is to impose proper boundary conditions on waves. It is not possible to derive QNMs of
a scalar propagating in the RN black hole spacetime by using hidden conformal symmetry
solely because QNMs do not satisfy the outgoing wave-boundary condition required in
asymptotically flat spacetime. Instead, it is suggested that QNMs satisfy the ingoing-
boundary condition at the horizon and Dirichlet boundary condition at infinity. Hence, we
have to find a specified RN black hole spacetime where one could capture QNMs and QNFs
of scalar in the whole spacetime outside black hole. Explicitly, in order to obtain QNMs and
QNFs of scalar around the RN black hole imposed by the near-region and low-frequency
limit, we have to consider a freely propagating scalar around the corresponding (specified)
black hole spacetime without requiring the near-region and low-frequency limit. It is known
that the specified RN black hole spacetime is given by the near-horizon region AdS2 × S2
of a nearly extremal RN black hole [17]. This means that in order to derive QNMs and
QNFs of scalar around black hole with hidden conformal symmetry, the SL(2,R) hidden
symmetry should be realized as an isometry symmetry of the specified RN black hole. Also,
it is worth to note that purely imaginary QNFs of a scalar reflects lower-dimensional nature
of AdS2 base in the near-horizon region of a nearly extremal RN black hole [16, 18]. This
implies that purely imaginary QNFs could not be derived from scalar around any RN black
holes in four-dimensional spacetime [12, 14].
In the case of Kerr black hole spacetime imposed by hidden conformal symmetry [19, 20],
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the specified black hole spacetime is conjectured to be the near-horizon region of a nearly
extremal Kerr (NEK, rapidly rotating) black hole with a→M because the latter contains
AdS2 base as the near-horizon region. In this sense, we expect to obtain QNFs of scalar
around the Kerr black hole with hidden conformal symmetry.
In four-dimensional spacetime, NEK black holes have considerable theoretical and ob-
servational significance. For a rapidly rotating stellar-mass black hole, its spin measurement
was reported in [21, 22], while for a rapidly rotating supermassive black hole, its spin mea-
surement was very recently reported in [23]. Detweiler has made an approximation to the
Teukolsky equation [24, 25] for NEK black holes to show that QNMs with ℓ = m (equa-
torial modes) have a long decay time of 1/ωI [26]. Sasaki and Nakamura have computed
QNFs analytically [27], and Anderson and Glampedakis have proposed long-lived emissions
from NEK black holes [28]. However, it seems that there exists a long-standing controversy
about what set of QNMs decay slowly [29] and whether ωI vanishes as a → M [30]. Here
we will use analytic expressions of complex QNFs [29, 31] of scalar around NEK black holes
to compare QNFs of Kerr black hole with the hidden conformal symmetry.
We will show that QNFs obtained using the hidden conformal symmetry near the horizon
correspond approximately to not only those of scalar perturbation around the near-horizon
region of a nearly extremal Kerr (NEK) black hole, but also those of non-equatorial (ℓ 6= m)
scalar modes around the NEK black hole. However, this approach could not determine
QNFs of equatorial (ℓ = m) modes around the NEK black hole. This indicates that the
hidden Kerr/CFT proposal could determine quasinormal modes and frequencies of scalar
around the NEK (rapidly rotating) partly.
2 Hidden conformal symmetry in Kerr geometry
Let us consider the Kerr metric in Boyer-Lindquist coordinates, whose form is given by
ds2 = −△
z2
(
dt− a sin2 θdφ
)2
+
z2
△dr
2 +
sin2 θ
z2
(
(r2 + a2)dφ− adt
)2
+ z2dθ2, (2.1)
where △, z2, and a denote
△ = r2 − 2Mr + a2, z2 = r2 + a2 cos2 θ, a = J
M
(2.2)
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with the black hole mass M and the angular momentum J . Two solutions to △ = 0 are
defined by the inner (r−) and outer (r+) horizons as
r± =M ±
√
M2 − a2 ≡M ± r0, r0 =
√
M2 − a2 = r+ − r−
2
. (2.3)
It is well-known that in the Kerr geometry (2.1), the massless Klein-Gordon equation
∇µ∇µΦ = 0 for the ansatz Φ(t, r, θ, φ) = e−iωt+imφR(r)S(θ) can be separated as[
1
sin θ
∂θ(sin θ∂θ)− m
2
sin2 θ
+ ω2a2 cos2 θ −Kℓ
]
S(θ) = 0 (2.4)
and [
∂r(△∂r) + (2Mr+ω − am)
2
2r0(r − r+) −
(2Mr−ω − am)2
2r0(r − r−) −Kℓ
+
(
r2 + 2M(r + 2M)
)
ω2
]
R(r) = 0 (2.5)
with Kℓ the separation constant to be fixed below. We note that Eq.(2.5) is exactly the
same with the radial Teukolsky equation [24, 25] for s = 0. In order to investigate the
hidden conformal symmetry [1], we first consider the low-frequency limit ωM ≪ 1 and
near-region ωr ≪ 1. It turns out that in the low-frequency limit of ωM ≪ 1, Eq.(2.4)
reduces to [
1
sin θ
∂θ(sin θ∂θ)− m
2
sin2 θ
]
S(θ) = KℓS(θ), (2.6)
which corresponds to the spherical Laplacian that can be solved in terms of spherical
harmonic function Y mℓ (θ, φ) = e
imφS(θ) for Kℓ = ℓ(ℓ + 1). On the other hand, the radial
equation (2.5) in the limits of ωr≪ 1 and ωM ≪ 1 becomes[
∂r(△∂r) + (2Mr+ω − am)
2
2r0(r − r+) −
(2Mr−ω − am)2
2r0(r − r−)
]
R(r) = ℓ(ℓ+ 1)R(r), (2.7)
where the last term in Eq. (2.5) is dropped and we set Kℓ = ℓ(ℓ + 1). It is known
that (2.7) could be converted into hypergeometric equation whose solution is given by
hypergeometric functions. These form representations of SL(2,R), indicating the existence
of hidden conformal symmetry. To show the hidden conformal symmetry explicitly, we
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introduce two sets of vector fields [1]
H1 = ie
−2πTRφ
(
△1/2∂r + 1
2πTR
r −M
△1/2 ∂φ +
2TL
TR
Mr − a2
△1/2 ∂t
)
, (2.8)
H0 =
i
2πTR
∂φ + 2iM
TL
TR
∂t, (2.9)
H−1 = ie
2πTRφ
(
−△1/2∂r + 1
2πTR
r −M
△1/2 ∂φ +
2TL
TR
Mr − a2
△1/2 ∂t
)
(2.10)
and
H¯1 = ie
−2πTLφ+(t/2M)
(
△1/2∂r − a△1/2∂φ − 2M
r
△1/2∂t
)
, (2.11)
H¯0 = −2iM∂t, (2.12)
H¯−1 = ie
2πTLφ−(t/2M)
(
−△1/2∂r − a△1/2∂φ − 2M
r
△1/2∂t
)
, (2.13)
which satisfy the SL(2,R) algebra
[H0, H±1] = ∓iH±1, [H−1, H1] = −2iH0, (2.14)
and similarly for H¯0, H¯±1. Here the left/right temperatures of CFT are given by
TL =
r+ + r−
4πa
, TR =
r0
2πa
, (2.15)
while the Hawking temperature of the generic Kerr black hole takes the form
TH =
r0
4πMr+
= TRΩ (2.16)
with the angular velocity of the black hole at the horizon
Ω =
a
2Mr+
=
a
r2+ + a
2
. (2.17)
The two Casimir operators H2 = H¯2, being obtained from the above vector fields can be
written as
H2 = −H20 +
1
2
(H1H−1 +H−1H1), (2.18)
H¯2 = −H¯20 +
1
2
(H¯1H¯−1 + H¯−1H¯1) (2.19)
= ∂r(△∂r)− (2Mr+∂t − a∂φ)
2
2r0(r − r+) +
(2Mr−∂t − a∂φ)2
2r0(r − r−) , (2.20)
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which allow the radial equation (2.7) to rewrite two eigenvalue equations as
H2Φ = H¯2Φ = ℓ(ℓ+ 1)Φ (2.21)
for Φ.
Consequently, the above result shows that in the near-region and low-frequency limit,
the scalar equation (2.21) admits SL(2,R)L×SL(2,R)R symmetry with conformal weights1
(hL, hR) = (ℓ+ 1, ℓ+ 1). (2.22)
3 Potential behaviors
In order to see how much is changed when taking two limits, we wish to study the change
of potential around the Kerr black hole which feels by a scalar. For this purpose, we define
a tortoise coordinate r∗ defined by dr∗ = dr(r2 + a2)/△,
r∗ = r +
1
2κ
ln
[r − r+
2M
]
− Mr−
r0
ln
[r − r−
2M
]
, κ = 2πTH (3.1)
where r ∈ [r+,∞) is mapped into r∗ ∈ (−∞,∞). Introducing a radial function ψ(r) =
R(r)
√
r2 + a2, the original radial equation (2.5) reduces to the Schro¨dinger-type equation
d2ψ
dr∗2
+
(
ω2 − VK
)
ψ = 0, (3.2)
whose potential VK is given by
VK = ω
2 +
(r − r+)(r − r−)
(r2 + a2)2
[
2Mr3 + a2r2 − 4Ma2 + a4
(r2 + a2)2
− K˜ℓ(r)
]
(3.3)
with K˜ℓ(r)
K˜ℓ(r) =
(2Mr+ω − am)2
2r0(r − r+) −
(2Mr−ω − am)2
2r0(r − r−) +
(
r2 + 2M(r + 2M)
)
ω2 −Kℓ. (3.4)
One can check easily that the scalar potential around the Schwarzschild black hole is re-
covered from taking a = 0 (r+ = 2M) in the Kerr potential VK (3.3)
V a=0Sch =
(
1− 2M
r
)[
2M
r3
+
ℓ(ℓ+ 1)
r2
]
with Kℓ = ℓ(ℓ+ 1). (3.5)
1These conformal weights are obtained when one plugs (4.2) into (2.18) and (2.19). Then, one rearranges
it by making use of (2.14) and (4.8).
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Figure 1: Various potentials as functions of r forM = 2/3, a =
√
3/3, m = 0.1, and r+ = 1.
The bottom curve depicts the Kerr potential VK(r), while three others are V
ωr,ωM≪1
K for
ω = 0.1, 0.2, and 0.3 from bottom to top. For large r, it shows that VK → 0, while
V ωr,ωM≪1K → ω2.
On the other hand, for the limits of ωr ≪ 1 and ωM ≪ 1, the Kerr potential VK (3.3) is
approximated to be
V ωr,ωM≪1K = VK +
(r − r+)(r − r−)
(r2 + a2)2
[
r2 + 2M(r + 2M)
]
ω2. (3.6)
It is shown that as r →∞, the potential VK approaches 0, while V ωr,ωM≪1K approaches ω2,
which implies that its asymptotic behavior depends on the value of the frequency ω. From
Fig. 1, we observe a difference between VK|r→∞ → 0 and V ωr,ωM≪1K |r→∞ → ω2 for large r.
In the near-horizon of r ≈ r+, however, two potentials have the same form as
V ωr,ωM≪1K
∣∣∣
r≈r+
= VK
∣∣∣
r≈r+
= ω2 − (ω2 −mΩ)2. (3.7)
Their waves are given by solving (3.2) as
ψ+ = Ae
−i(ω−mΩ)r∗ +Bei(ω−mΩ)r
∗
. (3.8)
It should be pointed out that the near-horizon region of r ≈ r+ is not enough to derive
quasinormal modes because we have to impose boundary conditions at the horizon as well
as asymptotic infinity. In order to describe the near-horizon region well, it is useful to
introduce a new coordinate defined by
ρ = − 1
2κ
ln
[
r − r+
r − r−
]
, (3.9)
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where r ∈ [r+,∞) is inversely mapped into ρ ∈ (∞, 0]. In the near-horizon limit, we have
a relation of r ≈ r+ + 2r0e−2κρ which leads to r ≈ r+ for ρ(= −r∗) → ∞. Using this new
coordinate, the radial equation (2.5) leads to the Schro¨dinger equation
d2
dρ2
R(ρ) +
(
ω2 − VK(ρ)
)
R(ρ) = 0, (3.10)
where the potential VK(ρ) is given by
VK(ρ) = ω
2 − κ
2
sinh2[κρ]
K˜ℓ(ρ) (3.11)
with K˜ℓ(ρ)
K˜ℓ(ρ) =
sinh2[κρ]
r20
[(
(M + r0 coth[κρ])
2 + a2
)
ω − am
]2
+ 2maω − a2ω2 −Kℓ. (3.12)
We note that in the Schwarzchild limit (a→ 0), the potential (3.11) reduces to
V a→0K (ρ)→ ω2
[
1− 1
16e−4κρ sinh4[κρ]
]
+
ℓ(ℓ+ 1)κ2
sinh2[κρ]
, (3.13)
which is exactly the same as found in Ref.[13]. On the other hand, our main concern is to
take the low-frequency and near-horizon2 limits in (3.11), which yields a simple potential
form (see Appendix A for explicit derivation)
V ωM≪1K (ρ) ≈
[
ω2 − (ω −mΩ)2
]
+
ℓ(ℓ+ 1)κ2
sinh2[κρ]
. (3.14)
Here, the first term of (3.14) appears as a new term when comparing V ωM≪1K with those for
the Schwarzschild black hole [13] and the RN black hole [16]. Note that this term disappears
for either the non-rotating black hole (a = 0) or axisymmetric perturbation (m = 0) [6].
Consequently, in the low-frequency and near-horizon limits the Eq.(3.10) together with
(3.14) leads to the Schro¨dinger-like equation
d2
dρ2
R(ρ) +
[
(ω −mΩ)2 − VHCS(ρ)
]
R(ρ) = 0, (3.15)
2Note that “near-horizon” region is not the same as the near-region for given geometry. This is because
r in the near-region could be arbitrarily large for a sufficiently small ω.
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where the HCS3-potential VHCS is given by [13, 16]
VHCS =
ℓ(ℓ+ 1)κ2
sinh2[κρ]
. (3.16)
It should be pointed out that Eq. (3.15) is the same forms obtained for the Schwarzschild
and RN black holes when replacing (ω−mΩ)2 by ω2, which implies that the potential VHCS
behaves as the potential of a scalar field around the AdS black hole because VHCS →∞ at
asymptotic infinity (ρ → 0). In the next section, we will use Eq. (3.15) to construct the
new SL(2,R) three vector fields based on the ρ-representation for the Kerr black hole.
4 Quasinormal frequencies by operator method
First, we wish to derive QNFs of scalar around the Kerr black hole by employing an algebraic
method based on the hidden conformal symmetry (2.8)-(2.13) [19]. For convenience, we
identify Ln = −iHn and L¯n = −iH¯n, so that the Ln’s and L¯n satisfy the Witt algebra,
respectively,
[Ln, Lm] = (n−m)Ln+m, [L¯n, L¯m] = (n−m)L¯n+m. (4.1)
We first consider the primary state Φ(0) with the conformal weight hL and hR
L0Φ
(0) = hLΦ
(0), L¯0Φ
(0) = hRΦ
(0). (4.2)
Acting operations L0 and L¯0 on Φ
(0) with the ansatz
Φ(0) = e−iω0t+imφR(0)(r)S(θ), (4.3)
then equation (4.2) yields the relation between ω and m as
ω0 =
am
2Mr+
= mΩ, (4.4)
when requiring the same conformal weight condition hL = hR. In this case, hL and hR are
determined to be
hL = hR =
iam
r+
= 2iMω0. (4.5)
3We would like to clarify a terminology of HCS. Here, the hidden conformal symmetry (HCS) has
nothing to do with H and H¯ (2.18)-(2.20) given in the near-region limit, but it is related to Hρ (4.17)
obtained by taking the near-horizon as well as near-region limits.
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As a result, from (2.22) and (4.5), the frequency ω0 is given by purely imaginary quantity
ω0 = −iℓ+ 1
2M
(4.6)
and also, the azimuthal number m becomes purely imaginary quantity
m =
ω0
Ω
= −i2π(TR + TL)(ℓ+ 1). (4.7)
In addition, the highest weight condition is implemented by requiring two conditions on
scalar Φ(0)
L1Φ
(0) = L¯1Φ
(0) = 0. (4.8)
It turns out that the solution to (4.8) is given by
Φ(0)(t, r, φ) = C
(
r2 + 2(M − r)r− − a2
)−i m
4pi(TR+TL) e−iω0t+imφ (4.9)
where C is an integration constant. Staring from the highest weight state Φ(0), we may
construct all descendants Φ(n) by using the relations
Φ(n) = e−iωnt+imnφR(n)(r)S(θ)
= (L¯−1)
nΦ(0). (4.10)
ωn, mn, and R
(n) are determined to give
ωn = ω0 − i n
2M
= −i 1
2M
(ℓ+ 1 + n), (4.11)
mn = −i2πTR(ℓ+ 1)− i2πTL(ℓ+ 1 + n), (4.12)
R(n)(r) = △−n2
(
−△∂r − iamn−1 + i2Mrωn−1
)
×△−n2
(
−△∂r − iamn−2 + i2Mrωn−2
)
× · · · × △−n2
(
−△∂r − iam0 + i2Mrω0
)
R(0)(r), (4.13)
where R(0)(r) is given by
R(0)(r) = C
(
r2 + 2(M − r)r− − a2
)−i m
4pi(TR+TL) , (4.14)
which can be read off from (4.9). Even though we obtain QNFs and QNMs from Ln and
L¯n, their results are not promising because neither Eq. (4.11) is usual complex QNFs nor
10
Im[ωn] ∝ 2πTH , compared with the QNFs [29] obtained for near extremal Kerr black holes
(see Appendix B).
Now we turn to derive QNFs and QNMs of scalar around the Kerr black hole by using
(3.15), which results from taking near-horizon as well as low-frequency limit. This suggests
that QNFs and QNMs of scalar around the Kerr black hole may be obtained when replacing
ω2 by (ω −mΩ)2 in the Schwarzschild and RN black holes. It is straightforward to derive
QNFs by introducing three vector fields
L1 =
1
κ
eκt
[
cosh (κρ) ∂t + sinh (κρ) ∂ρ
]
,
L0 = −1
κ
∂t , (4.15)
L−1 =
1
κ
e−κt
[
cosh (κρ) ∂t − sinh (κρ) ∂ρ
]
.
These satisfy the SL(2,R) commutation relations
[L0, L±1] = ∓L±1, [L1, L−1] = 2L0. (4.16)
Then, the SL(2,R) Casimir operator is constructed by
H2ρ = L20 −
1
2
(L1L−1 + L−1L1)
= −
(sinh(κρ)
κ
)2
∂2t +
(sinh(κρ)
κ
)2
∂2ρ . (4.17)
Eq.(3.15) could be written as
H2ρΦ˜(ρ) = ℓ(ℓ+ 1)Φ˜(ρ), (4.18)
where Φ˜ can be effectively written as
Φ˜(t, ρ, θ) ∼ e−i(ω0−mΩ)tR(ρ)S(θ). (4.19)
First of all, we define the primary state by Φ(0) which satisfies
L0Φ˜
(0) = hΦ˜(0), (4.20)
and the highest weight condition
L1Φ˜
(0) = 0. (4.21)
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Considering (4.19), one has a conformal weight
h = i
ω0 −mΩ
κ
= i
ω0 −mΩ
2πTH
. (4.22)
On the other hand, for Φ˜(0), the SL(2,R) Casimir operator satisfies
H2Φ˜(0) = h(h− 1)Φ˜(0). (4.23)
Comparing Eq. (4.23) with Eq. (4.18), one has
h =
1
2
[1± (2ℓ+ 1)]. (4.24)
Together with Eq. (4.22), for h > 0, one can find
ω0 = mΩ− i2πTH(ℓ+ 1). (4.25)
Then, all the descendants are constructed by
Φ˜(n) = (L−1)
nΦ˜(0) (4.26)
so that we have
Φ˜(n) ≡ e−i(ωn−mΩ)tR(n)(ρ). (4.27)
Here we read off QNFs as
ωn = ω0 − iκn = mΩ− i2πTH
[
n+ ℓ+ 1
]
, (4.28)
which is one of our main results.
Moreover, the n-th radial eigenfunction R(n)(ρ) takes the form
R(n)(ρ) = (κ)−n
(
−i(ωn−1 −mΩ) cosh (κρ)− sinh (κρ) d
dρ
)
×
(
−i(ωn−2 −mΩ) cosh (κρ)− sinh (κρ) d
dρ
)
· · · ×
(
−i(ω0 −mΩ) cosh (κρ)− sinh (κρ) d
dρ
)
R(0)(ρ). (4.29)
We also have
L0Φ˜
(n) = (h+ n)Φ˜(n), (4.30)
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which implies that Φ˜(n) forms a principal discrete highest weight representation of the
SL(2,R). Now we wish to solve the highest weight condition (4.21) to determine the highest
weight state R(0)(ρ)
[
− i(ω0 −mΩ) cosh (κρ) + sinh (κρ) d
dρ
]
R(0)(ρ) = 0. (4.31)
The solution is given by
R(0)(ρ) = C
[
sinh (κρ)
]iω0−mΩ
κ
. (4.32)
We note that the solution (4.32) behaves as
R(0) ∼ e−i(ω0−mΩ)r∗ for r → r+. (4.33)
This is the ingoing mode propagating into the horizon (ρ → ∞). For the n-th radial
eigenfunction, one can easily show by induction
R(n) ∼ e−i(ωn−mΩ)r∗ , as r∗ → −∞. (4.34)
Finally, we observe that R(0)(0) = 0 at infinity (ρ → 0, r∗ → ∞), which shows that it
is not the outgoing wave at infinity but satisfies the Dirichlet boundary condition as like
at the infinity of AdS spacetime. Moreover, the first radial eigenfunction R(1)(ρ) can be
explicitly constructed as
R(1)(ρ) = −2iC(ω0 −mΩ) cosh(κρ)
[
sinh (κρ)
]iω0−mΩ
κ
, (4.35)
which also satisfies the Dirichlet boundary condition at infinity. One can easily show that
the n-th radial eigenfunction R(n)(ρ) behaves as the same way as R(1)(ρ) likewise.
5 Near-horizon geometry of the NEK black hole
In the case of Kerr black hole spacetime imposed by hidden conformal symmetry, it is con-
jectured that the specified black hole spacetime could be the near-horizon region of a NEK
black hole with a→M . In this section we wish to study the near-horizon geometry of the
NEK black hole and obtain QNFs of scalar propagating around this background geometry.
For this purpose, we first consider the NEK black hole by considering the conditions of
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r0 ≪ 1, a ≈ M, and r+ ≈ r− ≈ M which are explicitly expressed by introducing a very
small parameter λ as [32]
r± = M ± r0 ≈M ± 2πMT˜Rλ+O(λ2) (5.1)
a =
√
r+r− ≈M − 2M(λπT˜R)2 +O(λ3), (5.2)
which imply that three temperatures and angular velocity are approximated to be
TL ≈ 1
2π
, TR ≈ r0
2πM
≈ T˜Rλ, TNEK ≈ r0
4πM2
≈ T˜Rλ
2M
, Ω ≈ 1
2M
. (5.3)
Here one is keeping T˜R fixed in the limits of TNEK, TR → 0(λ → 0) and it is called the
dimensionless near-horizon temperature. In order to describe the near-horizon geometry,
we also introduce three coordinates
τ = λ
t
2M
, y =
r − r+
λr+
, ϕ = φ− t
2M
, (5.4)
and take λ → 0 keeping (τ, y, ϕ) fixed. After some manipulations, we obtain the near-
horizon region of NEK black hole isolated by the NHEK limit [33]
ds2 = 2JΓ(θ)
[
− y(y + 4πT˜R)dτ 2 + dy
2
y(y + 4πT˜R)
+ dθ2 + Λ2
(
dϕ+ (y + 2πT˜R)dτ
)2]
,
(5.5)
where
Γ(θ) =
1 + cos2 θ
2
, Λ(θ) =
2 sin θ
1 + cos2 θ
with θ ∈ [0, π] and ϕ ∼ ϕ + 2π. The horizon is located at y = 0. For the extremal Kerr
black hole, we have T˜R = 0 and its near-horizon geometry is described by
ds2NHEK = 2JΓ(θ)
[
− y2dτ 2 + dy
2
y2
+ dθ2 + Λ2
(
dϕ+ ydτ
)2]
(5.6)
in terms of Poincare coordinates. This represents the quotient of warped AdS3 ≈ AdS2×S1
for fixed polar angle θ [34]. Hence, the presence of T˜R distinguishes between NEK and
extremal Kerr black holes.
It is found that in the background spacetime (5.5), the massless Klein-Gordon equation
∇µ∇µΦ = 0 with
Φ(τ, y, θ, ϕ) = e−iω˜τ+imϕY (y)S(θ) (5.7)
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can be decomposed into two differential equations[
1
sin θ
∂θ(sin θ∂θ)− m
2
sin2 θ
− m
2
4
sin2 θ + K¯ℓm
]
S(θ) = 0 (5.8)
and
[
∂y
(
y(y + 4πT˜R)∂y
)
− K¯ℓm +m2 +
(
ω˜ +m(y + 2πT˜R)
)2
y(y + 4πT˜R)
]
Y (y) = 0, (5.9)
where K¯ℓm are eigenvalues which can be computed numerically [33]. Approximately, it is
given by K¯ℓm ≈ ℓ(ℓ + 1) + cm2 with c ∈ [0.13, 0.22] and ℓ ≥ |m|. We now introduce a
coordinate defined by
dy∗ =
dy
y(y + 4πT˜R)
, (5.10)
which is integrated to be
y∗ =
1
4πT˜R
ln
[ y
y + 4πT˜R
]
. (5.11)
This maps y ∈ [0,∞) to y∗ ∈ (−∞, 0]. Then, the equation (5.9) becomes the Schro¨dinger-
type equation
d2Y
dy∗2
+
(
ω˜2 − VNEK(y)
)
Y = 0. (5.12)
The potential VNEK(y) is given by
VNEK(y) = ω˜
2 + (K¯ℓm −m2)y(y + 4πT˜R)−
(
ω˜ +m(y + 2πT˜R)
)2
, (5.13)
which implies that limy→∞ VNEK → ∞ for ℓ > |m|. This reflects the nature of AdS2 base
in (5.5). In other words, the case of ℓ = m is not allowed for our computation.
On the other hand, in the near-horizon limit, it takes the form
VNEK+(y) ≈ ω˜2 − (ω˜ + 2πT˜Rm)2, (5.14)
which leads to zero for m = 0. In this case, a solution to (5.12) is given by
Y+(y
∗) = Ae−i(ω˜+2πT˜Rm)y
∗
+Bei(ω˜+2πT˜Rm)y
∗
, (5.15)
where the first term (the second one) correspond to the ingoing mode (outgoing mode)
when considering (5.7). We are now in a position to find QNFs of scalar field around the
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black hole (5.5). It turns out that the solution to Eq.(5.9) is given by the hypergeometric
functions as
Y (y) = c1y
−
i
2
(
m+ ω˜
2piT˜R
)
(y + 4πT˜R)
−
i
2
(
m− ω˜
2piT˜R
)
×
2F1
[
− im+ 1
2
+ β, −im+ 1
2
− β, 1− i
(
m+
ω˜
2πT˜R
)
, − y
4πT˜R
]
+ c2y
i
2
(
m+ ω˜
2piT˜R
)
(y + 4πT˜R)
−
i
2
(
m− ω˜
2piT˜R
)
×
2F1
[ iω˜
2πT˜R
+
1
2
+ β,
iω˜
2πT˜R
+
1
2
− β, 1 + i
(
m+
ω˜
2πT˜R
)
, − y
4πT˜R
]
(5.16)
where c1,2 are arbitrary constants and β is given by
β =
√
1
4
+ K¯ℓm − 2m2. (5.17)
We note that the two first terms (c1y
·, c2y
·) can be recovered from considering (5.15) to-
gether with (5.11).
In order to obtain QNFs, we first require the ingoing mode at horizon and then, Dirichlet
boundary condition at infinity4. Choosing the ingoing mode at horizon (y = 0) leads to
c2 = 0 and then, the solution at infinity (y →∞) can be written as
Y (y) = Γ1y
−
1
2
−β + Γ2y
−
1
2
+β, (5.18)
where Γ1,2 are given by
Γ1 = c1
Γ(−2β)Γ
[
1− i(m+ ω˜
2πTR
)
]
Γ(−im+ 1
2
− β)Γ(−i ω˜
2πT˜R
+ 1
2
− β) , (5.19)
Γ2 = c1
Γ(2β)Γ
[
1− i(m+ ω˜
2πT˜R
)
]
Γ(−im+ 1
2
+ β)Γ(−i ω˜
2πTR
+ 1
2
+ β)
. (5.20)
4The near-horizon geometry of NEK black hole we consider in this section admits the potential behavior
as VNEK → 0 at horizon and VNEK →∞ in the y →∞ limit as given in Eq.(5.13), which suggests that its
asymptote is changed from a flat spacetime given by the Kerr black hole to an AdS spacetime. This means
that QNFs of scalar field propagating around the near-horizon geometry of NEK black hole can be defined
not by the outgoing mode, but by Y = 0 for the Dirichlet boundary condition at asymptotically AdS
infinity. We state clearly that these QNFs can not be consistent with those obtained in a whole geometry of
NEK black hole [29]. Nevertheless, in appropriate limits, two QNFs can be matched (see Table 1 in Sec.6
for detailed limits), which is one of our main results in this paper.
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Imposing the Dirichlet condition at infinity leads to Γ2 = 0, which provides two conditions
−im+ 1
2
+ β = −n, (5.21)
−i ω˜
2πT˜R
+
1
2
+ β = −n. (5.22)
From (5.22), one finds the purely imaginary QNFs
ω˜ = −i2πT˜R
(
n +
1
2
+ β
)
. (5.23)
Further, considering the transformation (5.4), we have the relation of time and angular-part
e−iωt+imφ = e−iτ [
2M
λ
ω−m
λ
]+imϕ = e−iτ ω˜+imϕ, (5.24)
which implies that QNFs are given by
ω = mΩ− i2πTNEK
(
n +
1
2
+ β
)
. (5.25)
Also, we have
ωR = ω, TR = 2MTNEK. (5.26)
From (5.21), one has
m = −i2πTL
(
n+
1
2
+ β
)
, (5.27)
which implies that azimuthal number m is purely imaginary for real β > 0.
Finally, we wish to mention that for ℓ≫ m, β is approximated to be
β =
√
ℓ(ℓ+ 1) + 1/4− (2− c)m2 ≈ ℓ+ 1
2
, (5.28)
which allows us to rewrite ω as
ω ≈ mΩ− i2πTNEK
(
n+ ℓ+ 1
)
, (5.29)
being consistent with the result (4.28) for a nearly extremal case of replacing TH by TNEK.
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QNFs Eq. (4.28) Eq. (5.25) Eq. (6.19)
background near-horizon geometry
geometry Kerr of NEK NEK
(asymptotically AdS) (asymptotically flat)
how to boundary conditions: boundary conditions:
find operator ingoing mode (near horizon) ingoing mode (near horizon)
QNFs method 0 (at infinity) outgoing mode (at infinity)
permitted non-equatorial:
QN modes all ℓ≫ m ℓ 6= m ≥ 0
taking near-horizon
the limit near-region no limit near-region
further nearly
restriction extremal no further restriction no further restriction
final
QNFs ω ≃ mΩ− i2πTNEK(n+ ℓ+ 1)
Table 1: Comparison between the QNFs approaches
6 Summary and conclusion
In this paper, we have obtained two analytic expressions for QNFs:
(i) (4.28), found by using the hidden conformal symmetry developed in the near-horizon,
(ii) (5.25), obtained considering the near-horizon geometry of the NEK black hole.
The reference QNFs (6.23) was shown in Appendix B, which are those of non-equatorial
(ℓ 6= m) scalar modes around the NEK black hole. They are different apparently, but
it was shown that QNFs (i) correspond approximately to not only those (5.29) of scalar
perturbation around the near-horizon region of NEK black hole, but also those (6.23) of
non-equatorial (ℓ 6= m) scalar modes around the NEK black hole.
On the other hand, the hidden conformal symmetry approach based on (2.8)-(2.13) with
the potential (3.6) in the near-region could not determine QNFs of scalar around the NEK
black hole, while QNFs (i) indicates that the hidden conformal symmetry by using (3.15)
given in the near-horizon region as well as near-region provides the same as QNFs (5.29)
for the nearly extremal case.
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We mention that the approaches (i) and (ii) do not yield QNFs (6.24) of equatorial
(ℓ = m) modes around the NEK black hole. This is because the hidden conformal symmetry
and near-horizon geometry approaches keep the near-horizon feature of the scalar potential
around the NEK black hole only (see Table 1). It should be pointed out that δ2 (6.13)
always take a negative value in the near-region and low-frequency limits, which implies
that the equatorial mode (δ2 > 0) and near-region limit are incompatible to each other.
That is why the approaches (i) and (ii), obtained from the near-region and near horizon,
do not admit the long-lived equatorial mode.
Finally, we conclude that the hidden Kerr/CFT proposal could determine quasinormal
modes and frequencies of the massless scalar wave propagating around the NEK (rapidly
rotating) black hole partly.
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Appendix A: Explicit derivation of (3.14)
We first arrange the potential (3.11) as
VK(ρ) = ω
2 − κ
2
sinh2[κρ]
K˜ℓ(ρ)
= ω2 −
[
κ
r0
(
(M + r0 coth[κρ])
2 + a2
)
ω − κ
r0
am
]2
− 2κ
2maω
sinh2[κρ]
+
κ2a2ω2
sinh2[κρ]
+
κ2Kℓ
sinh2[κρ]
. (6.1)
In the low frequency (ωa, ωM ≪ 1) and near-horizon limits, the second line of Eq. (6.1)
becomes
ω2 −
[
κ
r0
(
(M + r0 coth[κρ])
2 + a2
)
ω − κ
r0
am
]2
⇒ ω2 −
[
κ
r0
(
(M + r0)
2 + a2
)
ω − κ
r0
am
]2
= ω2 −
[
κ
r0
(
r2+ + a
2
)
ω − κ
r0
am
]2
(6.2)
= ω2 − (ω −mΩ)2, (6.3)
where we used r+ = M + r0 in (6.2) and κ = r0/(r
2
+ + a
2) = r0Ω/a in (6.3). A dominant
term in the third line of Eq. (6.1) is given by
κ2Kℓ
sinh2[κρ]
=
ℓ(ℓ+ 1)κ2
sinh2[κρ]
. (6.4)
From (6.3) and (6.4), we finally obtain (3.14).
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Appendix B: QNFs of NEK black holes
In this Appendix we briefly show an analytic form of QNFs of scalar around NEK black
holes in asymptotically flat spacetime [30, 29]. To this end, we first recall the radial equation
(2.5) which is reexpressed in terms of k = r2ω + a2ω − am as
△∂
2R
∂r2
+ 2(r −M)∂R
∂r
+
(
k2
△ + 2maω − a
2ω2 −Kℓ
)
R = 0. (6.5)
Introducing new dimensionless variables
x =
r − r+
r+
, τ¯ =
2r0
r+
, ω¯ =
ω −mΩ
2πTH
, ωˆ = ωr+, (6.6)
(6.5) can be rewritten as
x(x+ τ¯ )R′′ + (2x+ τ¯ )R′ +WR = 0, (6.7)
where the prime (′) denotes differentiation with respect to x and W is
W =
k2
x(x+ τ¯ )r2+
+ 2maω − a2ω2 −Kℓ. (6.8)
We mention that the double limit of a→M and ω → mΩ correspond to τ¯ → 0 and ω¯ → 0.
The former limit indicates the NEK black hole, while the latter shows that ωR is almost
given by mΩ in the NEK black hole. Note also that for QNMs, two boundary conditions
near the horizon and at infinity are given by
R ∼
{
(i) ingoing waves as x→ 0 (r → r+),
(ii) outgoing waves as x→∞ (r →∞). (6.9)
In the far region (x≫ max{τ¯ , ω¯}), (6.7) becomes
x2R′′ + 2xR′ +WfarR = 0, (6.10)
where
Wfar = ω
2r2+x
2 + 4ωωˆr+x+ 4ωˆ
2 + 2maω − a2ω2 −Kℓ. (6.11)
A solution to (6.10) is expressed in terms of the confluent hypergeometric function,
Rfar = A1(2iωr+)
1
2
+iδx−
1
2
+iδe−iωr+x U(iδ + 2iωˆ + 1/2, 1 + 2iδ, 2iωr+x)
+A2(2iωr+)
1
2
−iδx−
1
2
−iδe−iωr+x U(−iδ + 2iωˆ + 1/2, 1− 2iδ, 2iωr+x), (6.12)
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where an important quantity δ is given by
δ2 = 4ωˆ2 + 2maω − a2ω2 −Kℓ − 1
4
, (6.13)
which is either positive or negative. Here Kℓ is given by
Kℓ = ℓ(ℓ+ 1) +O(aω). (6.14)
On the other hand, in near-horizon region (x≪ 1), (6.7) reduces to
x(x+ τ¯ )R′′ + (2x+ τ¯ )R′ +WnearR = 0, (6.15)
where Wnear is
Wnear =
(2ωˆx+ ω¯τ¯ /2)2
x(x+ τ¯)
+ 2maω − a2ω2 −Kℓ. (6.16)
Imposing the ingoing boundary condition (i) in (6.9), one finds a solution to (6.15) as
Rnear = x
−
i
2
ω¯
(x
τ¯
+ 1
)i(ω¯/2−2ωˆ)
2F1(iδ − 2iωˆ + 1/2, −iδ − 2iωˆ + 1/2 1− iω¯, −x/τ¯ ), (6.17)
where 2F1 is the hypergeometric function. A remaining task is to match solution (6.12)
with (6.17) in the overlapping region max{τ¯ , ω¯} ≪ x≪ 1. It turns out that this matching
condition determines A1 and A2 to be
A1 = τ¯
−
i
2
ω¯+ 1
2
−iδ(2iωr+)
−
1
2
−iδ Γ(2iδ)Γ(1− iω¯)
Γ(iδ + 1
2
− 2iωˆ)Γ(iδ + 1
2
+ 2iωˆ − iω¯) , (6.18)
A2 = τ¯
−
i
2
ω¯+ 1
2
+iδ(2iωr+)
−
1
2
+iδ Γ(−2iδ)Γ(1− iω¯)
Γ(−iδ + 1
2
− 2iωˆ)Γ(−iδ + 1
2
+ 2iωˆ − iω¯) . (6.19)
Substituting (6.18) and (6.19) into (6.12), and imposing the outgoing boundary condition
(ii) in (6.9), we get the quasinormal condition
Γ(2iδ)Γ(1 + 2iδ)(−2iτ¯ ωˆ)−iδ
[Γ(iδ + 1
2
− 2iωˆ)]2Γ(iδ + 1
2
− iω¯ + 2iωˆ) = −
Γ(−2iδ)Γ(1− 2iδ)(−2iτ¯ ωˆ)iδ
[Γ(−iδ + 1
2
− 2iωˆ)]2Γ(−iδ + 1
2
− iω¯ + 2iωˆ) .
After manipulations with taking the double limits of τ¯ , ω¯ ≪ 1, we find the QNFs of scalar
around NEK black hole for non-equatorial ( ℓ 6= m ≥ 0) modes with δ2 < 0 [29]
ω ≃ mΩ− i2πTNEK
[
n +
1
2
− iδ
]
, Ω =
1
2M
, TNEK =
r0
4πM2
≪ 1. (6.20)
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In the low-frequency limit of ωa ≤ ωM ≪ 1 and ωˆ = ωr+ ≪ 1 for the NEK black hole, δ2
is negative as
δ2 ≃ −1
4
− ℓ(ℓ+ 1) (6.21)
and thus, δ is given by
δ = i
(
ℓ +
1
2
)
. (6.22)
Plugging δ into (6.20) leads to
ω ≃ mΩ− i2πTNEK
(
n+ ℓ+ 1
)
, (6.23)
which is the same form as in (4.28) for a nearly extremal case and as in (5.29).
On the other hand, for equatorial ℓ = m ≥ 0 modes with δ2 > 0, their QNFs take an
approximate form
ω ≃ mΩ− i2πTNEK
(
n +
1
2
)
, (6.24)
which implies that non-equatorial modes decay faster than equatorial modes.
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